[September and this requires the solution of many problems of control. It is now understood throughout the land that the provision of the proper atmospheric conditions for the comfort of workmen and the performance of good work is even more important than the regulation of the supply of air and fuel to an engine. Precise weather is needed for precision work and for the manufacture of instruments of precision such as gauges. Proper air conditioning is needed for the production of quality fabrics. The proper temperature must be maintained when stained glass windows are being made. In small arms munition works where dry explosives are handled there is inevitably a certain amount of dust and for safety the amount must be regulated. A gas company must regulate the pressure of gas which it distributes and must also regulate the composition so that an escape of gas may be readily detected by the odour of the escaping gas. Controls are needed for the safety of miners and of workmen in many industries. In the purification of drinking water the rate of supply of chlorine must be regulated.
The subject of control is clearly an enormous one and it is well to bear in mind that advances made in one branch of the subject are sometimes useful in another. A recent aerodynamical torque transmitter for the regulation of a marine engine 1 is based on a principle used in the Remarex carbon dioxide recorder in which there are two pairs of vaned discs, one pair running in air and the other in the flue gas to be tested for CO2 content. The torque transmitter is intended to prevent the marine engine from racing when, owing to the pitching of the ship, the propeller leaves the water.
Thus advances in marine and aeronautical engineering may depend on advances in chemical engineering. They may depend also on advances in electrical engineering. In wind tunnel research it is important to be able to regulate the velocity of the air moving through the tunnel and one way of doing this has been provided by the extensive work on amplidynes made by the General Electric Company. A large adjustable-speed wind tunnel drive based on the use of amplidynes is described in a paper by Clymer. 2 In acoustical research it is often necessary to control the vibrations of air in a room. In reverberation work, for instance, the generator of !945l
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sound may be required to produce a pure tone for a certain length of time. If a loud speaker is used and the drive is furnished by an electric current the frequency must be controlled. Sometimes a pure tone is obtained electrically with the aid of an electrical filter. The theory of acoustic and electric filters belongs to the larger subject of the control of vibrations which is important also as it is desirable to eliminate as far as possible the noise and unpleasant vibrations associated with the use of machinery. Much attention has been paid in recent years to the problem of the muffler, the damping of the torsional vibrations of crankshafts and the avoidance of dangerous oscillations in hydraulic transmission lines. [September 9. The velocity of propagation of ignition, detonation or wave motion.
10. The increase or rate of increase of the entropy.
1.3. Types of motion which it may be desirable to produce or avoid. 1. Motions characterized by a certain degree of turbulence such as: a. Laminar motion in which there is no turbulence. b. Flow that seems steady but is really turbulent. c. Tumultuous flow. d. Swirling flow which is desirable for efficient mixing and good combustion.
e. Flow in which the stream breaks away from the boundary at a selected place.
f. A standard type of turbulence for comparable results in different wind tunnels.
g. Pulsating flow. h. Flow in which there is a decided rotation about a fixed axis or a mean direction of motion.
2. Motions in which there is a specified relation between p and p (barotropic flow) or between pq and q.
3. Motions accompanied by regular vibrations which may or may not be audible.
a. Regular vibrations may be desirable in experimental work or in some types of engine. Thus in the Kadency engine 4 the intake is timed to occur at the moment when the pressure in the cylinder has fallen below the atmospheric pressure. In the Constantinesco patents regular vibrations in a fluid are used for various types of control in which accurate timing is essential.
b. Both regular and irregular vibrations may be undesirable on account of the noise they produce or because they make a flame unsteady and lead to its extinction or to flash back.
Methods of control.
As the subject of control belongs largely to chemical and electrical engineering only a brief outline of methods can be given here and these will be restricted largely to cases of aerodynamical interest. A few references are given to books from which the reader can obtain information on chemical and electrical methods.
Some of the most important methods of control are: 1. Clever design of fixed boundaries so as to produce desired results with little attention. Thus diffusors, guide vanes and honeycombs may produce the desired type of flow in a wind channel. A 60S spoiler may prevent the flow of air over a roof from injuring the roof. Stationary parts of an engine may be designed to produce a type of flow which is compatible with high efficiency. The wings, body and control surfaces of an airplane may be designed so as to provide low drag and good maneuverability.
2. Devices for altering the form of the boundary of a fluid. Of these the valve is the most important and the design of a suitable valve is often one of the chief steps in the development of a new invention. A list has been formed of nearly eighty different kinds of valves. A valve is generally a device for regulating the rate of flow of a fluid but it may also be used to regulate the pressure or composition of a gas in an enclosure. Mathematically it is usually considered in connection with the regulating device but there are some cases in which equations can be set up for the valve alone. In an attempt to elucidate the action of the throttle valve Joule and Thomson (Lord Kelvin) made their famous porous plug experiment which tests the accuracy of the thermodynamical assumption that the internal energy of a gas depends only on its temperature. Thomson's discussion of the experiment brought into prominence the idea of heat content or enthalpy. Valves may be regarded as including adjustable slots in wings 5 and devices for sucking air from the boundary layer or for blowing air into the boundary layer. 6 The ports of a bunsen burner are also valves. Another device for altering the form of the boundary of the fluid is the fan or blower which produces a forced draught. A modification of this is the windmill or air turbine. A steam turbine or turbine working with gas, mercury vapor or some combination of fluids is another modification.
3. Devices for altering the thermal or electrical condition of a fluid at a boundary. The supply of heat at a boundary or the absorption of heat at a boundary is a most effective way of controlling the motion of a fluid. There are also many electrical devices by means of which an aerodynamic or hydraulic system may be coupled with an electrical system that is furnished with some means of control which may or may not be automatic.
4. Devices for introducing solid particles or liquid in the form of a spray into the body of the working fluid. Gases in the form of jets may also be introduced as in the blowpipe torch and in furnaces. Overfire air jets have been found to be effective for smoke elimination as in a recent paper by Engdahl and Holton. 7 Davis 8 has applied a theory of turbulent air jets developed by Tollmien to the problem of the furnace. The ignition of gaseous mixtures by hot moving particles has been studied by Silver 9 and Paterson. 10 The cooling of gases by sprayed water is one of the methods employed in air conditioning; it has the advantage that the humidity of the air may thereby be controlled at the same time. A history of air conditioning is given by W. H. Carrier.
11 There are cases in which a supply of heat may lead to large fluctuation in temperature. The stability of a simple thermal device which has been called an "academic oven" has been considered by Turner. 12 The analysis depends on a transcendental equation involving both exponential and trigonometrical functions. Oscillations in thermal regulators have been considered also by Himmler.
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The problem of stability and of the avoidance of large oscillations becomes important whenever the working fluid is coupled with a mechanical or electrical regulating device. The centrifugal governor invented by Huygens 14 as a possible means of regulating a clock was adapted for windmills and water wheels before it was used by James Watt for the steam engine. A theory of the governor of Huygens has been given by Poor, 15 2.1. Conditions of stability. In direct regulation the stability of the dynamical, electrical or hydraulic regulating device often can be discussed by the method of small oscillations. The system is generally a compound one which is partly of one type and partly of another. For instance, in the case of the steam engine, the compound system consists of the steam, the valve and the centrifugal governor and so the processes taking place are described by a system of differential equations. In indirect regulation the system is again compound. When a deviation from the norm (or rated value of the quantity to be controlled) passes out of the region of insensitivity, the indicator actuates a motor through the amplifier and a disturbance is produced which tends to annul the disturbance shown by the indicator. When the transient force is no longer operative, the most desirable type of motion of the system is a damped oscillation or a simple decay without oscillation such as is sometimes produced when a jet is used to control the speed of rotation as in Michelson's 18 measurements of the velocity of light by means of a revolving mirror. In the so-called exact regulation the indicator returns to the normal setting after a single swing past it. It is generally, but not always, advantageous to eliminate all the variables but one which may be denoted by x, then, if
The transient function ƒ(/) may be different from zero only for 0<t<T. Then, for t>T y x is a sum of terms satisfying the equation with f(t) replaced by zero but it is not certain that all possible solutions of the homogeneous equation enter into the expression for the particular quantity x. A regulator is said to be stable when, after a transient disturbance, the indicator returns to the region of insensitivity and does not go beyond this. In the case when the free motion involves an undamped or growing motion, the regulator is said to hunt or to be unstable. A sufficient condition for stability is that the roots of the algebraic equation
should have only negative real parts. This condition may not be quite necessary because it may happen that a root with positive or zero real part does not happen to give a term in the expression for #. This possibility must be considered because something of an analogous nature seems to occur in some cases when the existence of a double root might make the sufficiency of the foregoing criterion seem doubtful. The mathematical theory of stability based on the theory of small oscillations may be hard to use on account of lack of knowledge of the constants of the dynamical or electrical system. These can be estimated in many cases as in the theory of airplane stability but it is wise to have means of checking the results or of obtaining results when the computations are too difficult.
An oscillograph for the analysis of governor performance was built by J. E. Allen, 19 and the East Pittsburgh Research Laboratories have built an instrument for analyzing governor performance which satisfies the specifications that have been laid down. Instruments of this nature have been made elsewhere. 20 Dougill has devised an instrument for testing regulators in operation and has used it to test the governors in the gas works. Thus, a/3 always takes the sign of X/a and a+f3 always takes the sign of -b/a. The signs of both a and j3 can therefore be determined; and if a, by X have the same sign, the real parts of the roots are all negative." Routh also formed the equation G(z)=0 whose roots are the sums in pairs of the roots of F(z) = 0 and in the case when the coefficients p r in the general equation (2.1) are all real he came to the following conclusion:
In order that (2.1) may have all its roots pseudo-negative, it is necessary and sufficient that the equations F(z)=0, G(z)=0 should be complete with coefficients all of one sign. This means that no p should be zero and that if po>0 then p r >0. If, moreover, the coefficients of G(z) are q r , r = 0, 1, • • • , n 2 /2 -n/2 then if go>0, we should also have q r >0. These conditions give n 2 /2+n/2 inequalities while the expected number of conditions is only n so the foregoing conditions are not all independent.
In his work on governors in which he considered particularly the governors designed by Foucault and Lord Kelvin, Maxwell found that the stability depended upon the conditions for pseudo-negative roots of an equation of the fifth degree z b +pz*+qz 3 +rz 2 +sz+t = 0. He found the necessary conditions pq>r, ps<t but could not prove that these conditions were sufficient.
The simplicity of these conditions suggested that there might be necessary and sufficient conditions in the general case which could be formulated in a simple form. The subject of the stability of motion was soon afterwards proposed as a subject for the Adams Prize at the University of Cambridge and the prize was won by E. J. Routh of Peterhouse. He made use of the methods of Cauchy and Charles Sturm and a set of test functions was formed by a cascade process. Writing The equivalence of the conditions of Routh and Hurwitz was shown by Bompiani, 33 and Orlando obtained a proof by induction of the necessity and sufficiency of Hurwitz's conditions.
The study of equations with complex coefficients is also useful as there are some cases in which the conditions of Routh and Hurwitz are not the simplest possible conditions for pseudo-negative roots. In Appelle Mécanique rationnelle a discussion is given of dynamical equations such as *" + pi*' + qi% -piy' -qiy = 0, y" + piy' + qiy + P**' -q& =* o, in which there are gyrostatic terms. These equations are essentially those considered by Sir Horace Lamb in his work on kinetic stability 34 and by E. Jouguet in his work on secular stability. 35 The algebraic equation obtained in the usual way is (z 2 + piz + qiY + (p2Z + g 2 ) 2 = 0 but if we put x+iy = Z y as Lamb does, there is a single dynamical equation 
and there is an extra factor in the expression used for the second criterion.
The conditions for the quadratic may be expressed in terms of the quantities Ii, I 2 , -f3 which are invariant when the equation is changed into a new equation by a substitution of the form z = Z+ia, where a is real. If
then Pi = pi, P 2 =p2 -2a, Qi : =g > i+ap 2 --a 2 , Q 2~q2 -~api and so there are 3 invariants
If, in particular, we choose a so that P2 = 0, the equation takes the simple form
If Zi, Z2 are the roots of this equation and if Pi, P2 are the roots of the conjugate equation
the equation whose roots are Z1+P1, Z2+P2, Z1+P2, Z2+P1 is
This is also the equation whose roots are Z1+/1, z 2 +t 2 , Zi+t 2 , z 2 +h where z lt z 2 are the roots of the original equation and /1, t 2 are the roots of its conjugate equation. It should be noticed that the terms in the equation for S involve the invariants and 5 only, moreover, by using two of these terms expressions [September
are obtained for the quantities that furnish criteria for the roots to be pseudo-negative. The quadratic equation may be reduced to a canonical form 1 1 1 
and so by the theorem of Gauss 36 and Lucas 37 lie within the triangle formed by the points z --iwi, z= -iw 2 , z= -u -iv in the complex 2-plane. The roots are in fact the foci of the ellipse which touches the sides of this triangle at its middle points.
The equations for determining u, v, Wu ^2 are
and so ^i+^2 = 2^2/^i,
The quantities Wu ^2 are thus the roots of the quadratic equation piw -2q 2 piiv + 4q 2 -3pip 2 q 2 -3piqi = 0 which has real roots when plqi+pip 2 q 2 -qt >0 or I\I 2 -/3>0. When this condition is satisfied the sign of u is positive when Zi>0.
The extension of Clifford's method which was used for the quadratic may be applied also to the cubic 
which is positive when all the roots are pseudo-negative. The necessary and sufficient conditions for pseudo-negative roots are li>0, K>0, and J>0 where these quantities are such that when positive they imply that X x +X 2 +X z , X X X 2 X Z and X 2 X z +XzXx+XxX 2 are all positive. To find the invariant I it is helpful to use the notation The quantities Ux, U 2 , Uz are identical with -Zi, -Z2and -Z 3 ;also
where 
V2.
This is the expression obtained in a former paper. 38 It is well known that D = P*Q* -4PIR + 18PQR -27R* while D' can be expressed in a similar way in terms of P', Q', R'. It should be mentioned that the conditions for pseudo-negative roots for Experience shows that it is better to work with the original system of differential equations than with the single equation obtained by eliminating all the variables but one. For instance, in the case of the well known system The case of equal roots is connected of course with the phenomenon of resonance and there are many cases in practice in which a number of identical dynamical systems are coupled together particularly in the construction of acoustical, electrical and mechanical filters. Much depends on the nature of the coupling and even when equal roots do not occur in the final analysis there are interesting phenomena. The use of symmetrical arrangements is sometimes advantageous on account of the simplicity of the analysis.
In gas producing plants in which there is one exhaust regulator for two coke ovens there seems to be an idea that symmetry must be avoided on account of a possible interaction or resonance between two coke ovens which would make the regulator unstable. Thus Dougill 45 remarks : "The interaction which so often occurred when two retort houses of equal size were connected to a common main which led to one exhaust governor could be remedied by provision of a time lag, preferably in the exhaust governor."
The question may be raised whether the troubles encountered can really be attributed to the equality in size and an answer to this question cannot be given without a careful analysis of the precise setup. In the meantime, however, it may be of interest to examine some of the complications which arise when use is made of a time lag in dynamical or electrical systems.
3. THE TRANSCENDENTAL PROBLEM 3.1. Time lag in control systems. Long ago the delayed action of a regulating system was recognized as one of the primary causes of the hunting of governed engines. 46 The effect of time lag has consequently been studied by many investigators, particularly by D. R. The effects of time lag have been considered usually by three distinct methods :
(1) By the use of Taylor's theorem and a neglect of small terms so that linear differential equations are obtained.
(2) By the use of differential difference equations or equations of mixed differences.
(3) By the use of integral equations of the Poisson-Volterra type. The first method is explained in a general discussion of control problems by the editorial staff of The Engineer and by N. Minorsky who regards the differential equation as an asymptotic form and gives four different types. In a simple case a body is supposed to oscillate under the influence of a restoring force R(t -k) proportional to the body's displacement at a previous instant and also under the influence of a damping depending partly on the body's instantaneous velocity and partly on its velocity at a previous time t -h. The equation of motion is supposed, indeed, to be of the type When Q = N = 0 the lag in R gives a negative damping and so oscillation with increasing amplitude may be expected to occur. When N = 0 and Qf^O the negative damping may be overcome by positive damping depending on Q. When N = 0 both N and Q may tend to overcome the negative damping but if h is large the coefficient of x" may become negative and completely alter the character of the motion. storing term is different from Px, but by the multiplication of the equation by a suitable factor this form may be reduced to the previous ones in which only the coefficients of x' and x n are affected by the lags.
The indications of the approximate theory need to be checked by exact analysis but they are such as to make it plain that the effects of time lag may be quite serious.
When there is a single time lag which is treated as constant some progress may be made with the aid of the known theory of linear equations of mixed differences. The particular equations discussed by Hartree and his collaborators are
where p % q, r and c are real constants. When ƒ(x) = 0 the free motion is described by means of terms of type u(x)=K exp (kx) where k is determined by means of the transcendental equation of a constant time-lag and obtains an integral equation of Poisson's type, [September
3.2.
Feedback. An early use of feedback to regulate a water clock has been ascribed to James Watt 59 who apparently used a pump to maintain the desired constant level in the reservoir from which the water flows. The rate of flow should be constant if the level of the water in a receiving vessel is to give a correct measure of time. A cascade system of reservoirs which kept this rate very nearly constant for a short time was adopted long ago in the design of a water clock of Canton, China, known as "Hon-woo-et-low" (copper jars dropping water). James Arthur 60 saw this clock in 1897 and was told that it had been in existence for over 3000 years, being known as the clock of the street arch.
A mathematical theory of a cascade system of reservoirs based upon the formula for the discharge of a weir was given by E. Maillet 61 about 1905. The system of differential equations is nonlinear but some interesting conclusions are drawn relating to the existence of a steady state and the manner in which it is approached. The problem of stability of the steady state is considered and some attention is given also to the case in which water is fed into the reservoirs from an outside source. When in addition feedback is introduced there are many mathematical problems to be solved. Maillet's analysis is of some mathematical interest as it led him to researches on almost periodic functions.
Feedback has been much used in recent years in systems employing vacuum tubes and amplifiers. In his description of stabilized feedback amplifiers H. S. Black 62 says: "By building an amplifier whose gain is deliberately made, say, 40 decibels higher than necessary (10000 fold excess on energy basis) and then feeding the output back on the input in such a way as to throw away the excess gain, it has been found possible to effect extraordinary improvement in constancy of amplification and freedom from nonlinearity."
In the simplified mathematical theory which has been developed by 59 See the discussion by Field of the paper by J. It is clear from an algebraic standpoint that there is only one condition because ix enters into only one of Hurwitz's determinants and the others are automatically positive on account of the time constants r. For a given set of time constants the system will generally be stable when /x lies below a certain critical value /x 0 and unstable for Me Mo-When jLt=Mo there can be one or more oscillations with constant amplitude. In the graphical form of the criterion there is stability when the point ( -1, 0) lies outside a certain curve traced out by a radius vector representing the complex quantity /x(? when p is replaced by ioe. The graphical method has been discussed by others. [September slightly more general type. In this connection it may be worth while to recall the investigations of P. Hertz 66 and G. Herglotz 67 on natural vibrations of an electron. The integral equation considered was then of the form The foregoing theory of feedback is based on linear differential equations with constant coefficients and is only approximate. Actually the resistances and capacities may vary with frequency and may even vary with time. In radio-telephony the voice acts so as to modify the resistance of the oscillatory circuit or the capacity of its condenser. J. R. Carson 68 proposed a differential equation with periodic coefficients as a basis of a theory of modulation and the theory has been worked out more fully by O. Emersleben, 69 W. L. Barrow, 70 and A. Erdélyi. 71 Conditions of stability are obtained with the aid of the theory of integral equations and of asymptotic solutions of linear differential equations. Feedback is not always desirable. In a discussion of receivers and transmitters for demonstrating frequency modulation M. Hobbs 72 says that in order to avoid acoustical feedback it is necessary to locate the signal generator and microphone in one studio and the receivers in another.
x(t) -Ç\(t~ T)q(T)dT
When the differential equations of the system are nonlinear the theory of stability or of sustained oscillations is more difficult but there is a large literature on the subject. 73 Nonlinear feedback oscillations have been discussed by G. Hakata and M. Abe. 
With the abbreviations (xgy) = I I x(s)g(s t t)y(t)dsdt, (uv) = I u(s)v(s) J o *J o
J o a brief study will be made of the linear integral equations
(s, t)F(t)dt + X f h(s, t)F(t)dt + X 2 f k(s, t)F(t)dt t
(2) ƒ(*) = F(s) + X f *(*, 0F(O* + X 2 f *(*, t)F(t)dt.
When X is a complex quantity a+^'ô where a and 6 are real and f(s) is regarded as independent of X and real, the solution F(t) will also be a complex quantity u(t)+iv(t) with u(t) y v(t) real provided the kernels g (s, t), h(s, t), k(s, t) are real for real values of s and t which lie between 0 and 1. The combination u(t)-iv(t) will be denoted by the symbol F*(t) and for both equations the properties of the function w(X) = f f(s)F(s)ds 9 w(\*) m f f(s)F*(s)ds •Jo
J o will be studied. If c is a real constant the zeros and poles of the function w(\) -c will be pseudo-negative when the same is true for the zeros and poles of the function wÇK*)~c.
In the important case in which g(s, t)*=g(t, s), h(s, t)=h(t 1 s), k(s, t)=k(t, s) it is readily seen that in the two cases w(X*) = (ugu) + (vgv)+a [(uhu) + (vhv) ] + (a 2 -J 2 ) [(uku) + (vkv) ] +ib [(uhu) + (vhv) ]+2iab [(uku) + (vkv) ], w (\*) = (uu) + (vv)+a [(uhu) + (vhv) ] + (a*~ b*) [(uku) + (vkv) ] + ib [(uhu) + (vhv) ]+2iab [(uku) + (vkv) ].
The right-hand sides of these equations are zero when X is such that w(\*) = 0 and also when X is such that F(t) exists when ƒ(s)= 0. In the important case in which the functions h and k are of positive type 
the integrals (uhu), (vhv), (uku), (vkv)
are all positive and so when the imaginary terms on the right are equated to zero it is seen that either a is negative or b is zero. When b is zero the equation obtained by equating the real part of the right-hand side to zero indicates that a is negative in case (2') and this is true also in case (1') if g(s, t) is also of positive type. If c is negative it is readily seen that a must be negative when w(\*) =c.
When k(s, t)=0 and g (s, t), h(s, t)
are of positive type it is known that the zeros and poles of the function w(K) are all negative and occur alternately. The situation is analogous to that which occurs in the theorem of Routh, Jouguet and Chipart relating to the even and odd parts of an algebraic equation with pseudo-negative roots and so the function w(K) can be used quite often to construct a transcendental equation with only pseudo-negative roots. As an example of the first theorem we take equation (2) 
It is readily seen that the functions on the right are transcendental functions of z with negative zeros which occur alternately.
In the second theorem if h(s, i)=s(l-t) or t(l-s) according as 5 ^ t it is found that if
has only pseudo-negative roots.
THE SEPARATION OF VIBRATIONS
4.1. Acoustical filters. The early work of Poisson on the propagation of sound along a branched pipe was followed by the inventions of John Herschel and Quincke for the production of interference of waves by the rejunction of the divided branches of a pipe. The theory based on the idea of velocity potential and simplified boundary conditions was improved by Stewart and others and then replaced by a theory of lumped impedances so that the theory of acoustic filters could be developed along the same lines as the theories of mechanical and electrical filters. A good account of the theory from this standpoint is given in the book of Stewart and Lindsay.
The filtering action of a regularly spaced series of similar sheets of muslin was considered by Rayleigh 75 in the period 1887-1896 and is described in a passage inserted in the 1896 edition of his Theory of sound. He states that if a moderate number of such sheets be placed parallel to one another and at such distances apart that the partial reflections agree in phase, then a sensitive flame may be powerfully affected. With the aid of a device for adjusting the interval between two consecutive sheets it is easy to find how this interval depends on the wave length X «when the condition for effective reflexion is satisfied. Rayleigh states that with a=X/2 the condition is satisfied for normal incidence but in the actual experiment it is more convenient to use oblique incidence and the calculations necessary for this case are readily made.
In his mathematical investigations 76 Rayleigh considered the transverse vibrations of a stretched string periodically loaded, but the analysis is rather difficult as it depends on the properties of the solutions of differential equations with periodic coefficients and use is made of infinite determinants as in the work of G. W. Hill. The vibrations of this type of string in which the density varies continuously have been studied further by Strutt 77 but more progress has been made in the study of the older problem in which the density of the string varies discontinuously. This case will be considered later for both transverse and longitudinal vibrations. The former case is interesting on account of analogies with optical phenomena, the latter on account of the analogies with acoustical phenomena.
The problem of the loaded string was much studied by the great 78 mathematicians of the eighteenth century and many of their results are given by Routh in his Rigid dynamics. Routh also mentions that in April 1875 Lord Kelvin studied the vibrations and waves in a stretched uniform chain of symmetrical gyrostats connected together by universal flexure joints. His thoughts returned to this subject in his Baltimore lectures of 1884.
The theory of the loaded string became definitely associated with the theory of mechanical filters in 1898 when Godfrey and Lamb published their researches and when Campbell and Pupin became interested in the properties of the loaded electrical transmission line. Acoustic filters are much used as mufflers for internal combustion engines and as may be seen from the lists of patents in the Journal of the Acoustical Society of America baffles, holes and side branches in the exhaust pipe are among the devices used. Resonating side branches sometimes communicate with one another through partitions of absorbing material. Even a long pipe has a filtering action as the attentuation is higher for sound of some frequencies than for sound of some other ranges of frequency. Problems relating to pipes will be discussed in the section dealing with hydrodynamics in which some consideration will be devoted not only to the elimination of noise but also the reduction of dangerous vibrations in hydraulic pipe lines.
4.2.
Passage of sound through a slab. Let p, v, and Z=pv be the density velocity of sound and radiation resistance of a homogeneous slab of thickness a which is of infinite extent in any direction parallel to the plane faces. Let p, v', Z'=pV be the corresponding quantities for the medium outside the slab. For normal incidence of waves on the face x = 0 the velocity potentials are
The boundary conditions are
where s = wa/v, s' = wa/v'. Thus
A/D = 2e"/[2 cos (s) + i(Z/Z' +Z'/Z) sin (s)]
and the coefficient of reflection is
This is the formula of Lord Rayleigh. 78 Interesting applications of this formula to the reflection and transmission of sound through partitions have been made by Boyle 69 and Davis. 80 It is clear that r = 0 when sin (s)=0 and so there are certain critical thicknesses a for which there is no reflection of sound waves of the prescribed frequency w/2ir. Davis regards the formula as applicable to the transmission of sound through light thin panels such as sheets of paper, sailcloth or fibre board. When a is very small there is a tendency for the reduction factor of the energy to vary as the square of the frequency ƒ of the incident sound. With materials as light as paper a term due to air damping is important and there is less variation with/. For heavy panels such as two inch boards or brick walls the reduction factor is less than that given by Rayleigh's formula. Davis has given a formula
which indicates that resonances can account for a reduced insulating value. This formula is derived from a differential equation of type
To account for the behavior of actual panels it seems necessary to assume that there are several modes of vibration with which there can be resonance. This is in accordance with the general theory of the vibration of plates and with experiment as is pointed out by Davis and Littler.
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In the work of Boyle on the influence of the thickness of the plate on the transmission of sound, use was made of a high /(13500(W, 300000^ and 528000<^). It was found that when a was a large multiple of X/4 (where X is the wave length in the plate) there was a maximum of energy reflected and a minimum of energy transmitted. When a was a few integral multiples of X/2 there was an almost complete transmission of energy. Thus in the latter case the plate acted as a This work has been continued by Boyle and Sproule 82 with the aid of a torsion pendulum and the previous conclusion confirmed. 4 .3. Multiple partitions. The passage of sound through several slabs of different materials is of some interest but the analysis is rather complicated. The case of three different media was considered by Brillié and his work is discussed by Stewart and Lindsay. The case of five media two pairs of which are alike in properties and are symmetrically related to a third medium in the middle is of much interest in relation to the sandwich type of radiator and receiver which was used at one time in underwater work. The natural vibrations of such a sandwich are of interest.
The vibrations of a column of gas, one portion of which is at a temperature Ti and the other at a temperature T 2 have been studied by Lees 83 in connection with some experiments on the vibration of travelling flames made by Coward and Hartwell. 84 Lees considered 3 cases : 1°. Tube closed at both ends. 2°. Tube open at both ends. 3°. Tube closed at one end and open at the other. In the last named case the frequency of vibration is determined by the equation
where n\ is the fundamental frequency when the whole column is at temperature Ti, n 2 is the corresponding frequency when the temperature is T 2l F\ and F2 are the moduli of adiabatic elasticity for longitudinal displacements in the column at the two temperatures and mi = na/tiic, m 2 = nb/n 2 c, a + b = c where a, b are the lengths of the two portions of the tube. Meyer observes that it is well known that the sound-damping action of a homogeneous wall increases with its thickness provided the exciting frequency is sufficiently higher than the natural frequency of vibration of the wall-a condition that is usually satisfied. When several such walls have air between them the composite wall acts as a mechanical damper because the layers of air form buffers if they are small compared with the wave length. If m denotes the mass of the wall in grams per square centimeter, if / is the length of an air buffer, if v is the velocity of sound and if p is the density of the air, the fundamental natural frequency is ƒ« = (r/xJOrf/m) 1 '*.
This formula has been confirmed over a frequency range from 40(W to 7000^^. Meyer 85 states that in such composite walls the velocity of transmission decreases as the frequency increases but the damping does not seem to increase very rapidly. Investigations led to the following rules for the design of composite walls. The dimensions should be such that/o is less than the practically important range of ƒ s and the cross vibrations in the air buffers should be damped. By following these rules sound can be effectively damped without the use of heavy walls. A four-fold composite wall forty centimeters thick (153/4 inches) weighing SO kilograms per square meter (10.25 pounds per square foot) gave better insulation than a solid brick wall weighing 1000 kg. per sq.m. The effect of composite walls has been discussed by many other writers 86 and the mathematical theory has been elucidated by Constable. 87 For ƒ >/ 0 insulation is at first decreased as the separation of the walls is increased, but it afterwards increases continuously up to a point at which the separation is approximately X/4. After this point it decreases to a second minimum and thereafter minima occur at successive increases of X/2 in the separation of the walls. The first minimum at which the insulation can be less than that of one component alone can be attributed to the effect of air coupling.
The properties of a double partition constructed from dissimilar components were examined by Renault 88 and by Constable. 87 The latter found that at ƒ's for which the resonances of the components [September and the air coupling resonance can be neglected, the insulation to be obtained from a double partition for a given total weight and thickness is greatest when the components are similar.
The transmission of sound by a series of equidistant similar partitions has been studied by Hurst 89 whose results are very similar to those of Lamb in his first example of a mechanical filter ( §4.5). The method of indicating the regions of attenuation is also similar to that of Lamb. Hurst gives also a theory of transmission through a series of circular panels each of which is set into a rigid wall. In this theory effects of diffraction are taken into account.
4.4.
Results found by energy methods. The absorption of sound by a porous wall was studied theoretically by Rayleigh with the aid of a theory of the propagation of sound in a capillary tube which will be examined in §6.
89a There are, however, some results which can be obtained by energy methods which may be mentioned here for comparison with the other results. The first equation refers to the room containing the source of sound which is supposed to emit energy at a constant rate E while operative. W denotes the area of the wall used as a partition between the two rooms. V, Vi are the volumes of the rooms; S> Si are the respective total areas of the exposed surfaces of the walls of these rooms (including the partition) ; a, a,\ are the mean fractions of incident energy lost by the respective rooms at each reflection by absorption or transmission to other rooms; v is the velocity of sound and k is a factor of type a for the partition. In the steady state / = A = 0 so the maximum values of I and I\ are J and J\ respectively, where
2 ) At time t after the source has been cut off
where Since 1-r>/ and 1-/>r the quantities a and b defined by these equations are both real. It should be noticed also that
Hence in order to investigate the effect of frequency on r(n) and t(n) it is useful to have plots in the r£-plane of the two systems of hyperbolas a = constant, b = constant.
Mechanical filters.
A general theory of mechanical filters was given by Horace Lamb 94 and Charles Godfrey 95 in 1898. In the analysis of Lamb dynamical systems of any degree of complexity but all exactly alike are supposed to be interpolated at regular intervals along a line which is regarded for simplicity as an infinite string capable of longitudinal vibrations. The position and configuration of any one of these systems is imagined to be determined by the coordinate £ of the point of the string where it is attached and by means of n other coordinates q 8 senting in Lamb's model the difference of tensions on the two sides of the gap into which the dynamical system is introduced.
When all quantities contain the time factor exp (ikct) the first n equations of motion give the relations where Xo=(27r/fe) is the wave length in the unloaded medium. The wave velocity in the loaded medium may also be regarded as given by the equation
The group velocity is then
Unless C'(ak)~0 for the critical values of k the group velocity will be zero when k has a critical value and sin 0 = 0. When 0 lies between 0 and 7T the group velocity is positive when C'(ak) is negative. The behavior of v may be found by Lamb's graphical method in which use is made of the curves
and the points of intersection of the last curve with the first two. With many forms of the function ƒ the intervals of partial transmission are represented by intervals beginning respectively at 7r, 2X, 37r, • • • , and the intervals of total reflection by intervals ending at these points. There may also be an interval of partial transmission between 0 and w. In Lamb's first example f{k)=ixka/2, where ix -M/pa. The dynamical system then consists of a mass M and pa is the mass of the portion of the string between two consecutive masses. When the string is infinite in both directions there is transmission only for certain values of k below a certain limit. When ka is large 0 is given approximately by Ô 2 = fe 2 a 2 (l+ju) and the refractive index N is
The effect of the loads is to increase the average density of the medium. In Lamb's second example the mass M is urged towards its mean position by a spring and so
The chief difference between this case and the last is that there is an interval of total reflection beginning at ka = 0 which is separated by an interval of partial transmission from the interval of total reflection which ends at ka =7r. Lamb regards this as remarkable.
The chief difference between this case and the first is that as the frequency increases the intervals of partial transmission become wider and wider instead of shorter and shorter so that the medium is transparent for short waves of high frequency. This example was offered by Lamb to illustrate the transparency of a medium to Röntgen rays, a phenomenon which Stokes 96 had endeavoured to explain in his Wilde lecture of 1897.
In Lamb's model there are a number of equal light rigid circular frames each of which is attached to the string at opposite ends of a diameter and has in its interior a particle M connected with the frame by means of similar springs so that the particle is at the center of the frame when the springs are equally extended. If £, denotes the displacement of the point of the string to which one of the frames is attached and if rj 8 denotes the displacement of the associated particle, the equation of motion of this particle is This quantity q is the coefficient of reflection obtained by Lamb in his analysis of the case in which waves travelling towards 0 along the unweighted portion of the string are reflected from the weighted portion on which weights evenly spaced extend to infinity. This case is similar to the problem considered by Godfrey. An interesting variation of the present problem is one in which the unweighted portions of the string are replaced by weighted portions in which the weights are evenly spaced but at intervals differing in length from the intervals in the intermediate portion of the string. If the intervals in this intermediate portion are greater than in the rest of the string the problem is analogous to that of waves passing from a dense medium into a plate composed of a light substance. This problem is of interest for both longitudinal and transverse vibrations.
4.7.
The reactance theorem and its generalizations. In 1886 the late Lord Rayleigh 97 gave a dynamical theorem which in modern terminology is a theorem relating to the driving point impedance in a chain like dynamical system. Applications to electrical networks were considered. In 1908 the theorem was extended by the present author 98 to a linear integral equation When X is a complex quantity cr+ir and W r = U r -\-iV r , where <r> r, U r and V r are all real, the conjugate complex quantity to Wr, namely W r * = Ur -iVr, arises when X is replaced by X*=cr -it and the zeros of wQs) will be pseudo-negative when the zeros of r=l are all pseudo-negative. When, however, the right-hand side is resolved into its real and imaginary parts and each of these equated to zero it is seen at once that a must be negative and a similar argument is applicable when u = 0 and the possible values of X are, perhaps, poles of wQs). The theorem may be extended to the zeros and poles of the function w(K)+P where P is a positive constant and may also be extended to certain integral equations of type O^s^c. Proofs and extensions of the reactance theorem have been given by Cauer, 102 Baerwald, 103 Epheser and Glubrecht 104 and many other writ-ers. There are also extensions to the case in which the quadratic forms (xgx), (xhx), (xkx) contain an infinite number of variables and to the case in which the range of integration 0 to c is infinite in the last mentioned theorem. Extensions to the case of Hermitian forms are also to be considered.
4.8. The sorting of vibrations by means of filters. It is often important to separate desirable vibrations from the undesirable ones particularly in electric and hydraulic transmission lines, but the problem of separation is important in acoustical and mechanical systems. In acoustics sound waves of a particular frequency or range of frequencies may be needed for experimental work as in the determination of times of reverberation in an auditorium. The elimination of noise is an important requirement in some buildings and laboratories. The absorption of the vibrations produced by engines and heavy machinery provides many mechanical problems.
The filtering properties of a system are generally examined by first finding the behavior of the system in a sinusoidal type of vibration, the so-called steady state, but it is important to know also the somewhat different response of the system to transient disturbances. This second problem is generally much harder than the first. Transient oscillations in electric wave filters were, however, studied by John Carson When a>c the right-hand side is real when the + sign is used, when a <c the negative sign must be taken to make the right-hand side real. Another interesting example is that in which the pth particle differs in mass from all the others so that 
